We introduce characteristics into chromatic homotopy theory. This parallels the prime characteristics in number theory as well as in our earlier work on structured ring spectra and unoriented bordism theory. Here, the K(n)-local Hopkins-Miller classes ζ n take the places of the prime numbers, and this allows us to discuss higher bordism theories. We prove that the K(2)-localizations of the spectrum of topological modular forms as well as the string bordism spectrum have characteristic ζ 2 .
Introduction
The classification of manifolds is intimately tied to the homotopy theory of Thom spaces and spectra. If MO denotes the Thom spectrum for the family of orthogonal groups, then its homotopy groups π d MO are given by the groups of bordism classes of d-dimensional closed manifolds. Variants of this correspondence apply to manifolds with extra structure, such as orientations and Spin structures, for example. Arguably the most relevant of these variants for geometry are ordered into a hierarchy given by the higher connective covers BO k → BO of BO, and their Thom spectra MO k . For small values of k, these describe the unoriented (MO 1 = MO), oriented (MO 2 = MSO), Spin (MO 4 = MSpin), and String bordism groups of manifolds (MO 8 = MString). acteristic 2, there is a unique (up to homotopy) map S//2 → MO of E ∞ ring spectra from the versal E ∞ ring spectrum S//2 of characteristic 2, see [28] , where E ∞ ring spectra of prime characteristics, and their versal examples S//p, have been studied from this point of view. However, the fact that π 0 MO k = Z as soon as k 2 makes it evident that ordinary prime characteristics have nothing to say about higher bordism theories.
In order to gain a better understanding of higher bordism theories, we propose in this paper to replace the ordinary primes p ∈ Z = π 0 S by something more elaborate, some classes that only appear after passing to the (Bousfield [7] ) localization S of the sphere spectrum S with respect to any given Morava K-theory K(n): the classes ζ n in π −1 S which were first defined by Hopkins and Miller. See [12] , [8] , and our exposition in Section 2. Just as S//2 has been used in [28] to study the unoriented bordism spectrum MO, the aim of the present writing is to show that it is the spectra S//ζ n which are likewise relevant to the study of the chromatic localizations of higher bordism spectra. Incidentally, they also play an important role for chromatic homotopy theory in itself, but an exposition of those ideas will have to await another occasion.
Whenever A is any K(n)-local E ∞ ring spectrum with unit u A : S → A, there is a naturally associated class
Continuing to use the terminology as in [28] , we will say that a K(n)-local E ∞ ring spectrum A has (chromatic) characteristic ζ n if there exists a homotopy ζ n (A) 0, compare Definition 2.10 below. We note that this just defines a property of such ring spectra, and that for structural purposes one will want to work with actual choices of homotopies, i.e. with commutative S//ζ n -algebras. See Section 3.4, and [28] again.
The value of these concepts can be measured by the wealth of relevant examples: The K(1)-localizations of ko, ku, MSpin, and MSU all have characteristic ζ 1 , see Propositions 3.4 and 3.5. Some of this rephrases parts of Hopkins' unpublished preprint [11] , and also the first versal example S//ζ 1 already appears in there, albeit in a different guise. Additional arguments, and the extensions to the named bordism spectra have been published by Laures, see [22] and [23] .
In the genuinely new examples dealt with here, we take the natural next step: The K(2)-localizations of the topological modular forms spectrum tmf, the String bordism spectrum MString, and MU 6 all have characteristic ζ 2 , see Propositions 3.6 and 3.7.
There are other families of examples of characteristic ζ n spectra for arbitrary n: the Lubin-Tate spectra E n (Example 3.2), the Iwasawa extensions B n of the K(n)-local sphere (Example 3.3), and the versal examples S//ζ n that map to all of these, see Proposition 3.9.
We will use the following conventions: All spectra are implicitly K(n)-localized. In particular, the notation X ∧ Y will refer to the K(n)-localization of the usual smash product, and the homology X 0 Y is defined as π 0 of that. As an exemption to these rules, we will write S for the K(n)-local sphere to emphasize the idea that it is a completed form of the sphere spectrum S, and S n = Σ n S for its (de)suspensions.
Characteristics in chromatic homotopy theory
In this section we will review some chromatic homotopy theory as far as it is needed for our purposes, and introduce the basic concept of chromatic characteristics, see Section 2.7. The case n = 1 will be mentioned as an accompanying example throughout, but we emphasize that this case is always somewhat atypical, and the general case is the one we are interested in. Also, in the spirit of [17] , we have chosen notation that avoids having to say anything special when p = 2. Nevertheless, we do so, if it seems appropriate for the examples at hand, in particular in Section 3 when it comes to bordism theories.
The Lubin-Tate spectra
Let p be a prime number, and n a positive integer. We will denote by E n the corresponding Lubin-Tate spectrum. The coefficient ring is isomorphic to
where W is the Witt vector functor from commutative rings to commutative rings. This coefficient ring (or rather its formal spectrum) is a base for the universal formal deformation of the Honda formal group of height n.
Example 2.1. If n = 1, then the Lubin-Tate spectrum E 1 is the p-adic completion KU p of the complex topological K-theory spectrum KU.
The Morava groups
The n-th Morava stabilizer group S n and the Galois group of F p n over F p both act on E n such that their semi-direct product G n , the extended Morava stabilizer group, also acts on E n .
Example 2.2. If n = 1, then the Morava stabilizer group G 1 = S 1 is the group Z × p of padic units which acts on E 1 = KU p via Adams operations.
Devinatz-Hopkins fixed point spectra
If K G n is a closed subgroup of the extended Morava stabilizer group G n , then E hK n will denote the corresponding Devinatz-Hopkins fixed point spectrum [8] . For example, in the maximal case K = G n , Morava's change-of-rings theorem gives E hG n = S.
The Devinatz-Hopkins fixed point spectra are well under control in the optic of their Morava modules: There are isomorphisms
For the trivial group K = e this has been known to Morava (and certainly others) for a long time. See [15] for the history and a careful exposition.
Some subgroups of the Morava stabilizer group
The Morava stabilizer group acts on the Dieudonné module of the Honda formal group of height n, which is free of rank n over W(F p n ). The determinant gives a homomorphism S n → W(F p n ) × . This extends over G n and factors through Z × p . The subgroup SG n is defined as the kernel of the (surjective) determinant, so that we have an extension
p denote the torsion subgroup. If p = 2, then this subgroup is cyclic of order 2, and if p = 2, then it is cyclic of order p − 1. The pre-image of ∆ under the determinant is customarily denoted by G 1 n . In other words, there is an extension
and the groups SG n and G 1 n are then also related by a short exact sequence
We remark that there are (abstract) isomorphisms Z × p /∆ ∼ = Z p of groups, but no canonical choice seems to be available.
The Iwasawa extensions of the local spheres
An Iwasawa extension is a (pro-)Galois extension (for example of a number field) with Galois group isomorphic to the additive group Z p of p-adic integers for some prime number p. The canonical Iwasawa extensions of the K(n)-local sphere is the DevinatzHopkins fixed point spectrum B n = E hG 1 n n with respect to the closed subgroup G 1 n . This is sometimes referred to as Mahowald's half-sphere, in particular in the case n = 2. Example 2.3. If n = 1, then the spectrum B 1 is either the 2-completion KO 2 of the real topological K-theory spectrum KO (when p = 2) or the Adams summand L p of the p-completion of the complex topological K-theory spectrum KU (when p = 2).
The spectra B n are well under control in the optic of their Morava modules: There are isomorphisms
and the right hand side can be identified (non-canonically) with the ring of continuous functions on the p-adic affine line Z p .
From (2.1) we infer that the spectrum B n carries a residual action of Z × p /∆ ∼ = Z p , and this makes S → B n into an Iwasawa extension of the K(n)-local sphere. Whenever we chose a topological generator of this group, this yields an automorphism g : B n → B n .
Proposition 2.4. ([8, Proposition 8.1])
There is a homotopy fibration sequence
For each p and n, we fix one such fibration sequence once and for all.
Example 2.5. If n = 1, then the fibration sequence
has been known for a long time. It can be extracted from [7] , which in turn relies on work of Mahowald (p = 2) and Miller (p = 2).
The Hopkins-Miller classes
We are now ready to introduce the Hopkins-Miller classes ζ n that are to play the role of the integral primes p in the chromatic context. If we map S 0 into the fibration sequence (2.2), then we obtain a long exact sequence 4) and ζ n is, by definition, the image of the unit u B under the map ∂ * .
Using the defining homomorphism (2.1) of G 1 n , we obtain a homomorphism
that we can think of as a twisted homomorphism, or 1-cocyle, and as such it defines a class in the first continuous cohomology H 1 (G n ; π 0 E n ).
Proposition 2.7. ([8, Proposition 8.2])
The Hopkins-Miller class ζ n is detected by ±c n in the K(n)-local E n -based Adams-Novikov spectral sequence.
The class c n is non-zero and ζ n is non-zero in π −1 S 0 . In fact, it generates a subgroup isomorphic to Z p in π −1 S 0 . However, the class ζ n becomes zero in B n :
Proposition 2.8. The composition
of ζ n with the unit u B of B n is zero.
Proof. We have u B ζ n = u B ∂ u B , and there is already a homotopy u B ∂ 0 as part of the fibration sequence (2.2).
Remark 2.9. If we knew that π −1 B n = 0 holds, which is a potentially stronger statement than the one in Proposition 2.8, and if we knew in addition that g * = id on π 0 B n , then the homomorphism ∂ * in (2.4) were an isomorphism between π 0 B n and π −1 S. Both properties clearly hold in the case n = 1. As Hans-Werner Henn has assured, they also hold in the case n = 2 and p 3: there are gaps around the groups π −3 B n and π 0 B n , which are both isomorphic to Z p .
Chromatic characteristics
In the predecessor [28] of this paper, we have defined the notion of an E ∞ ring spectrum A of prime characteristic. If p is the prime number in question, then this means that there is a null-homotopy p 0 in A. We will now work K(n)-locally and replace the prime numbers p by the Hopkins-Miller classes ζ n .
Definition 2.10. If A is a K(n)-local E ∞ ring spectrum with unit u A : S → A, then
is the associated class in π −1 A. If A is a K(n)-local E ∞ ring spectrum such that there exists a null-homotopy ζ n (A) 0, then we will say that A has characteristic ζ n , and we may also write char(A) = ζ n in that case.
We note that we have just defined a property of K(n)-local E ∞ ring spectra. We have not, as the notation may suggest, defined a function char that is defined for each such ring spectrum.
Proposition 2.11. If A is a K(n)-local E ∞ ring spectrum of characteristic ζ n , then so is every A-algebra B.
Proof. The unit of any A-algebra B factors through the unit of A.
In order the demonstrate the relevance of the concept of (chromatic) characteristics outside of chromatic homotopy theory itself, we will now give many examples of naturally occurring K(n)-local E ∞ ring spectra of characteristic ζ n .
String bordism and other examples
In this section, we prove that (the K(n)-localizations of) several relevant examples of E ∞ ring spectra have characteristic ζ n . We start with some general results and then proceed to discuss the geometrically relevant cases n = 1 and n = 2. We also present nonexamples, of course. The final Section 3.4 introduces the versal examples S//ζ n that map to any given K(n)-local E ∞ ring spectrum of characteristic ζ n .
General results and remarks
First of all, here is an example which shows that not all K(n)-local E ∞ ring spectra have characteristic ζ n .
Example 3.1. In the initial example A = S of the K(n)-local sphere, the unit is the identity, so that we have ζ n ( S) = ζ n , and this is non-zero as a consequence of Proposition 2.7. Therefore, char( S) = ζ n .
This result is analogous to the fact that char(S) = p for the (un-localized) ring of spheres.
Clearly, if A is a K(n)-local E ∞ ring spectrum such that π −1 A vanishes, then the element ζ n (A) ∈ π −1 A = 0 is automatically null-homotopic. Let us mention a couple of interesting examples of this type.
Example 3.2. Because the Lubin-Tate spectra E n are even, we have π −1 E n = 0, so that ζ n (E n ) 0, and this implies char(E n ) = ζ n .
In other words, the Lubin-Tate spectra E n all have characteristic ζ n .
Even if we have π −1 A = 0, or if we are perhaps in a situation when we do not know yet whether this or π −1 A = 0 holds, we might still be able to decide if ζ n (A) is nullhomotopic. This is the case in the following examples.
Example 3.3. We have char(B n ) = ζ n for all n by Proposition 2.8.
After these examples that are available for every positive height n, let us now turn towards the geometrically relevant cases, which require n = 1 and n = 2.
Multiplicative examples
Let us first discuss examples with height n = 1. 1) is concentrated in even degrees. This implies π −1 = 0 for both of the spectra MSpin and MSU, and a fortiori char = ζ 1 for both of them.
The case p = 2 needs some extra arguments. Since the Spin bordism spectrum MSpin, as any Thom spectrum, is connective, we in particular have π −1 MSpin = 0. This does not imply the result for the K(1)-localization, however, think of S. But, the AndersonBrown-Peterson splitting shows that this still holds after K(1)-localization, since the spectrum MSpin splits K(1)-locally at the prime p = 2 as a wedge of localizations of copies of the spectrum ko, compare [13, Proposition 2.3.6]. Therefore, the result follows from what we have said for the K-theories. For MSU, replace the ABS-splitting by the results in [6] , [20] , and [26] .
The higher multiplicative structure of the K(1)-localization of MSU at the prime p = 2 has been investigated further in Reeker's thesis [27] .
Elliptic examples
We will now turn towards examples with height n = 2. Proposition 3.6. We have char(tmf K(2) ) = ζ 2 at all primes.
Proof. In [4, Remark 1.7.3], Behrens has given an argument for the identification of the K(2)-localization of the spectrum of topological modular forms with EO 2 , the homotopy fixed point spectrum of E 2 with respect to the maximal finite subgroup M of the extended Morava group G 2 , that holds for the prime p = 3. His argument can be adapted to the case p = 2 as well. This allows us to control the class in H 1 (G 2 ; (E 2 ) 0 tmf) that detects the image of ζ 2 in the K(n)-local E n -based Adams-Novikov spectral sequence. This is class is the image of ±c 2 under the homomorphism
induced by the unit S → tmf K (2) . The unit is given by the Devinatz-Hopkins fixed points of E 2 with respect to the inclusion of the maximal subgroup M into G 2 . Therefore, the image of the class ±c 2 is the composition
Since the coefficient ring π 0 E 2 is torsion-free, and M is finite, this image is automatically zero, so that the class in H 1 (G 2 ; (E 2 ) 0 tmf) that detects the image of ζ 2 necessarily vanishes.
The situation at large primes p 5 is similar, but less well represented in the published literature. See [5] : The K(2)-localization of tmf is the spectrum of global sections of the derived structure sheaf of the completion of the moduli stack of generalized elliptic curves in characteristic p at the complement of the ordinary locus. This sheaf can be constructed using the Goerss-Hopkins-Miller theory of Lubin-Tate spectra. The upshot is that the spectra of sections are given by homotopy fixed points of Lubin-Tate spectra with respect to finite groups. The difference is that this time their orders are co-prime to the characteristic. In any case, we see that the same argument as for p = 2 and p = 3 can be applied.
The argument just given shows a bit more: Since the maximal subgroup M sits inside the subgroup G 1 2 , we even know that the K(2)-localization of the topological modular forms spectrum is a B 2 -algebra. By Proposition 2.11 and Example 3.3, we know that char(T ) = ζ n for all B n -algebras T . Proof. This is again easier for large primes, and we will deal with these cases first. If p 5, then both MString and MU 6 split p-locally as a wedge of even suspensions of BP by [16, Corollary 2.2] . See also [14] . A fortiori, this holds also K(2)-locally at the prime in question. But the K(2)-localization of BP is
See [12, Lemma 2.3] again. We see that the homotopy groups π * BP K(2) are concentrated in even degrees. Therefore, we can deduce that
for large primes, from which the statement follows.
For the small primes p = 2 and p = 3, we have to work a bit harder. In these cases, we can still find finite complexes F with cells (depending on p) only in even dimensions such that MString ∧F and MU 6 ∧ F split as wedges of (even) suspensions of BP, see [16, Corollary 2.2] . Strictly speaking, this excludes the case MString at the prime p = 2. But, since there is a map MU 6 → MString, Proposition 2.11 guarantees that it is sufficient to prove our result for MU 6 to be able to infer it for MString as well.
We will control the class in H 1 (G 2 ; (E 2 ) 0 MU 6 ) that detects ζ 2 in the K(n)-local E nbased Adams-Novikov spectral sequence. Since F has cells only in even dimensions, the Atiyah-Hirzebruch sequence for (E 2 ) * F collapses, and it shows that this is a free (E 2 ) * -module (of rank the number of cells of F). Then (E 2 ) * MU 6 is embedded into
as a direct summand by the map MU 6 → MU 6 ∧ F given by the bottom cell of F. It follows that this map induces an injection
so that it is more than enough to show that the target vanishes. This follows from the splitting of MU 6 ∧ F: We know that the spectrum BP K(2) is Landweber exact, for example by (3.1). This implies that BP * (BP K (2) ) is an extended BP * -comodule, so that the BP-based Adams-Novikov spectral sequence collapses: the only non-zero terms on the E 2 page live on the 0-line. By the change-of-rings theorem, we infer that the groups on the E 2 page are given by H s (G 2 ; (E 2 ) t BP). We deduce that these groups vanish for positive s. The same holds, of course, when we replace BP with any of its suspensions.
Versal examples
An important theoretical role in the theory of K(n)-local E ∞ ring spectra of characteristic ζ n is played by the versal examples. These will be introduced now.
Let PX denote the free K(n)-local E ∞ ring spectrum on a K(n)-local spectrum X. There is an adjunction E K(n)
∞ (X, A) between the space of K(n)-local E ∞ ring maps and the space of maps of K(n)-local spectra, which sends an E ∞ map PX → A to its restriction along the unit X → PX of the adjunction. (The unit of the E ∞ ring spectrum PX is a map S → PX, of course.) The inverse is denoted by x → ev(x) for any given class x : X → A.
Definition 3.8. The K(n)-local E ∞ ring spectrum S//ζ n is defined as a homotopy pushout
/ / S//ζ n in the category of K(n)-local E ∞ ring spectra.
There are various way of producing a homotopy pushout. The easiest one might be to start with a cofibrant model of S, replacing the morphism ev(0) = P(S −1 → D 0 ) by P of a cofibration S −1 → K for some contractible K, for example the cone on S −1 , and then taking the actual pushout.
Proposition 3.9. We have char( S//ζ n ) = ζ n for all primes p.
Proof. The homotopy commutativity of the enlarged diagram
/ / S S / / S//ζ n immediately shows that ζ n ( S//ζ n ) is homotopic to zero.
Remark 3.10. The K(n)-local E ∞ ring spectrum S//ζ n has the usual property of any homotopy pushout: a null-homotopy of ζ n (A) gives rise to a map S//ζ n → A, and conversely. In fact, this allows us to add upon the preceding proposition: Any choice of homotopy pushout S//ζ n comes with a preferred homotopy ζ n ( S//ζ n ) 0 (that corresponds to the identity map). It also implies that there is a map S//ζ n −→ A (3.2)
of K(n)-local E ∞ ring spectra if and only if char(A) = ζ n . There is no reason why a map (3.2), once it exists, should be unique. In fact, there will usually be many such maps, even up to homotopy. This explains our use of Artin's term 'versal' rather than 'universal.'
